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Almost-Sure Stochastic Stability of Viscoelastic
Plates in Supersonic Flow

S. T. Ariaratnam¤ and N. M. Abdelrahman†

University of Waterloo, Waterloo, Ontario N2L 3G1, Canada

The dynamic stability of a viscoelastic plate in a supersonic gas � ow and subjected to a stochastically � uctuating
axial thrust is performed within the concept of the Lyapunov exponent. The constitutive relation is modeled
in an integral form by using the Boltzmann superposition principle. The piston theory as a quasi-� rst-order
approximation is used to represent the aerodynamic loading on the plate. The stochastic averaging method is used
and the Khasminskii’s technique [Khasminskii, R. A., “Necessary and Suf� cient Conditions for the Asymptotic
Stability of Linear Stochastic System,” Theory of Probability and Its Application, Vol. 12, No. 1, 1967, pp. 144–147
(English translation)] is employed to obtain the stability boundaries. The in� uence of the various plate and � ow
parameters and the random loading spectral densities on the stability are investigated.

Introduction

T HE dynamic stability of plates in a supersonic gas � ow and
subjected to in-plane loading is one of the most interesting

problems in the � eld of structural vibrations. This phenomenon is
observed, for example, in the instability of aircraft in air� ow (wing
� utter). Panel � utter is a formofdynamical instabilityresultingfrom
the dynamic interaction of aerodynamic, inertia, and elastic forces
and is de� ned as the self-excited oscillation of the external surface
of the structural system. One of the dif� culties in studying this
phenomenonarises because aerodynamic forces cannot, in general,
be simply expressed in terms of disturbancesof the surface exposed
to the � ow.

Since the existence of panel � utter was established, various ap-
proximate expressionsfor the aerodynamicloadinghave been used.
The applicationof a two-dimensionalstatic approximationwas used
by Hedgepeth,1 and because it was valid only for a small range of
Mach numbers and panel geometry, a new detailed solution of the
panel � utter problem was initiated by including three-dimensional
unsteady aerodynamics. Expressions for the latter approximation
are complicated and, thus, are of limited application. The simplest
variant of the aerodynamic approximation is known as the law of
plane sections or the piston theory, which provides a formula relat-
ing the aerodynamic pressure on the structure to the normal com-
ponent of the velocity at any point considered. Using this approx-
imation, Bolotin and Zhinzher,2 Volmir,3 and Dowell4 extensively
investigated the stability of elastic plates under periodic loading
when the behavior is governed by the Mathieu equation, the sta-
bility boundaries being characterized by the Strutt diagram. When
the plate material is of a linear viscoelastic type, the equation of
motion becomes more complicated and turns out to be an integro–

differentialequation rather than an ordinary differential equationas
in the elastic case. The stabilityof viscoelasticrods under determin-
istic loading was investigated by Matyash5 by using the averaging
method and by Stevens,6 Szyskowski and Glockner,7 and Glockner
and Szyskowski8 using a spring–dashpot representationfor the vis-
coelastic constitutive relation.

Stabilityof longelasticplatesin supersonicgas� owandsubjected
to in-plane ergodic stationary Gaussian stochastic loading was in-
vestigatedin the work of Plaut and Infante,9 Kozin,10 and Ahmadi,11

who obtainedsuf� cient conditionsfor almost-surestabilityof plates
on the basis of Lyapunov’s second method. Potapov12 and Potapov
and Bonder13 treated the viscoelastic case and also obtained stabil-
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ity conditions in the � rst and second moments. Using a two-mode
approximation, the stochastic nonlinear � utter of elastic plates was
examinedby Ibrahimet al.14 and Ibrahimand Orono.15 The in-plane
excitation was assumed as a Gaussian white noise process, and the
response moment equations were generated by making use of the
Fokker–Planck equation approach.A cumulant closure approxima-
tion was then employed to truncate the moment equations.

When the excitation is nonwhite, the solution process is not
a Markov diffusion process. Stratonovich16 and Khasminskii17

showed that, when the excitation has a small correlation time as
compared to the relaxation time of the system, a physical non-
Markov diffusion process can be approximated in the weak sense
by a Markov diffusion process whose governing Itô equations
are obtained by making use of the so-called stochastic averaging
method, provided the limits of the averaged physical system equa-
tions exist. In this paper, the stochastic averaging method and the
methodof Larianov18 for averagingthe integralterm that arises from
the viscoelastic effect together with a technique � rst proposed by
Khasminskii19 are employed to obtain explicit expressions for the
largest Lyapunov exponent that indicates the stability condition of
the viscoelasticplate. It has been shown by Arnold and Kliemann20

that the Lyapunov exponents are analogous to the real part of the
eigenvalues of deterministic time-invariant systems. If the maxi-
mum exponent is positive, the system is unstable with probability
one, and if it is negative, the system is stable with probability one.
Hence, the vanishingof the maximum Lyapunovexponent indicates
the transition state and, thus, the stability boundaries in parameter
space. Numerical results are presented to give a quantitativepicture
of the effect of the plate and the nondimensional � ow parameters,
as well as the load spectral densities, on the stability boundaries.

Formulation
Considera long viscoelasticplate, one side of which is exposedto

a supersonic� ow of gas, performinga small oscillationperpendicu-
lar to its plane. The plate is assumed to be effectivelyin� nitely long
and freely supportedalong the long edges (Fig. 1). A uniform thrust
N .t/ per unit length is applied to the mobile edge at the midplane.
Let w.x; t/ be the transversede� ection, where x is the longitudinal
distance from one edge. By making use of piston theory for the ap-
proximation of the aerodynamic loading, the equation of motion of
an elastic plate with small oscillation can be written as21

½h
@2w.x; t/

@t2
C ½hc

@w.x; t/

@t
C N .t/

@2w.x; t/

@x2

¡ @2 Mx

@x2
C P.x; t/ D 0 (1)

where ½; h, and c are the plate material density, the plate thickness,
and the viscousdamping coef� cient per unit mass, respectively,and
P.x; t/ is an approximation to the component of the aerodynamic
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Fig. 1 Model of the plate.

force per unit area caused by the deviation of the plate from its
undisturbed state,

P.x; t/ D Â
P1

C1

µ
@w.x; t/

@t
C u

@w.x; t/

@x

¶
(2)

where Â , P1, C1 , and u represent gas � ow polytropy index, undis-
turbed gas pressure, undisturbed gas speed, and � ow velocity, re-
spectively.With the use of Boltzmann’s superpositionprinciple, the
constitutive relation for a linear, isotropic, viscoelasticmaterial can
be given by22

¾ D 3·²; Os D 2G.1 ¡ R¤/ Oe (3)

where ¾ and ² and Os and Oe are the � rst invariants and the devia-
toric parts of the stress and strain tensors, respectively, and R¤ is a
relaxation operator given by

R¤Ã D
Z t

0

R¤.t ¡ ¿ /Ã.¿ / d¿; 0 ·
Z 1

0

R¤.#/ d# < 1

and · and G denote the elastic bulk and shear moduli, respectively.
In the case of cylindrical bending in the x direction, ²x is the only
nonzero componentof the strain tensor, and ²y D ²z D 0. Therefore,
the � rst strain invariant ² and the deviatoric part Oe are given by

² D 1
3
²x ; Oex D 2

3
²x ; Oey D Oez D ¡.²x =3/ (4)

Using the relation

O¾ D 1
3
¾ I C Os (5)

where I is the unit tensor, one obtains

¾x D 1

3
.· C 4G/

µ
²x ¡

Z t

0

4G

.· C 4G/
R¤.t ¡ ¿ /²x d¿

¶
(6)

Using Kirchchoff’s hypothesis for the bending of plates

²x D ¡z
@2w

@x2
(7)

and the bending moment per unit length Mx is given by

Mx D
Z h=2

¡h=2

z¾x dA D ¡D

µ
@2w

@x2
¡

Z t

0

QR.t ¡ ¿/
@2w

@x2
d¿

¶
(8)

where with the relations

· D E=[3.1 ¡ 2º/]; G D E=[2.1 C º/] (9)

with E and º as the initial constant Young’s modulus and Pois-
son’s ratio, respectively, D and R̃ can be given by the following
expressions:

D D .7 ¡ 11º/Eh3

108.1 ¡ 2º/.1 C º/
; R̃ D 6.1 ¡ 2º/

.7 ¡ 11º/
R¤ (10)

When Mx is substituted into Eq. (1), the equation of motion for a
viscoelastic plate is given by

D.1 ¡ R̃/
@4w.x; t/

@x4
C N .t/

@2w.x; t/

@x2
C ½h

@2w.x; t/

@t 2

C ½hc
@w.x; t/

@t
C P.x; t/ D 0 (11)

When K is taken as the summation of the plate structural and aero-
dynamic damping, that is,

K D ½hc C Â.P1=C1/ (12)

and the Galerkin approximation is used,

w.x; t/ D
mX

n D 1

fn.t/ sin
n¼x

L
(13)

which satis� es the boundary conditions of simple support,

w.0; t/ D w.L ; t/ D @2w.x; t/

@x2

­­­­
x D 0;L

D 0 (14)

Eq. (11) becomes

Rf n C
K

½h
Pfn C

D

½h

³
n¼

L

´4µ
.1 ¡ QR/ ¡ » ¤.t/

n2

¶
fn

C 1

½h

mX

j D 1

b¤
n j f j D 0; n D 1; 2; : : : ; m (15)

where

» ¤.t/ D
L2 N .t/

¼ 2 D

b¤
n j D 4Â P1u

C1 L

»
n j=.n2 ¡ j 2/ if .n § j/ is odd

0 if .n § j/ is even (16)

It has been shown by Bolotin and Petrovsky23 that not only quali-
tative, but, to some extent, quantitative results are predicted rather
reliably with the use of the � rst two modes. Hence, considering
m D 2, the reduced equations with K D 0; QR D 0, and » ¤ D 0 are

Rf1 C
D

½h

³
¼

L

´4

f1 ¡ 8Â P1u

3C1½hL
f2 D 0

Rf2 C
D

½h

³
¼

L

´4

f2 C
8Â P1u

3C1½hL
f1 D 0 (17)

When the nondimensional time t1 is introduced by

t1 D .¼ 2=L2/
p

.D=½h/t (18)

and the prime is used to denote differentiation with respect to the
new time t1, Eq. (17) become

f 00 C Af D 0 (19)

where

f D
³

f1

f2

´
; A D

µ
1 ¡®

® 16

¶
; ® D 8Â P1uL3

3C1¼ 4 D
(20)

For ® · ®cr D 15
2 , the vibration frequencies obtained from Eq. (19)

are real and are given by

!2
1;2 D 17

2
¨

£¡
15
2

¢2 ¡ ®2
¤ 1

2 (21)
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When the transformation f D T q is employed, where

T D

"
¡® ¡®c¤

¡
!2

1 ¡ 1
¢

c¤
¡
!2

2 ¡ 1
¢
#

(22)

and where c¤ is a parameter to be chosen to obtain a suitable coor-
dinate scaling, Eqs. (15) with m D 2 transform to

T q00 C AT q D ¡2¯T q0 C n4R.T q/ C BT q (23)

where

».t1/ D » ¤.t/; R.t1/ D QR.t/

B D
µ

1 0

0 4

¶
».t1/; ¯ D

K L2

2¼ 2
p

½h D

By substitution for matrices A; T , and B, Eq. (23) becomes

q 00
1 C 2¯q 0

1 C !2
1q1 ¡

Z t1

0

R.t1 ¡ ¿/q1.¿ / d¿

C !1.k11q1 C k12q2/».t1/ D 0

q 00
2 C 2¯q 0

2 C !2
2q2 ¡ 16

Z t1

0

R.t1 ¡ ¿ /q2.¿ / d¿

C !2.k21q1 C k22q2/».t1/ D 0 (24)

where

k11 D

¡
4!2

1 ¡ !2
2 ¡ 3

¢

!1

¡
!2

2 ¡ !2
1

¢ ; k12 D
3c¤

¡
!2

2 ¡ 1
¢

!1

¡
!2

2 ¡ !2
1

¢

k21 D
¡3

¡
!2

1 ¡ 1
¢

c¤!2

¡
!2

2 ¡ !2
1

¢ ; k22 D

¡
!2

1 ¡ 4!2
2 C 3

¢

!2

¡
!2

2 ¡ !2
1

¢

For convenience, the parameter c¤ is chosen such that k12 D ¡k21,
which gives

c¤ D .15 ¡ ®0/
1
2 .17 ¡ ®0/

1
4

.15 C ®0/
1
2 .17 C ®0/

1
4

where

®0 D
¡
!2

2 ¡ !2
1

¢
D 2

¡
®2

cr ¡ ®2
¢ 1

2 (25)

Substituting for !1;2 and c¤, one obtains

k11 D 5.9 ¡ ®0/p
2®0.17 ¡ ®0/

1
2

; k12 D
3
¡
152 ¡ ®2

0

¢ 1
2

p
2®0

¡
172 ¡ ®2

0

¢ 1
4

k21 D
¡3

¡
152 ¡ ®2

0

¢ 1
2

p
2®0

¡
172 ¡ ®2

0

¢ 1
4

; k22 D
¡5.9 C ®0/

p
2®0.17 C ®0/

1
2

Henceforth, we shall denote k12 D ¡k21 by k.

Approximation to Markov Process
The system of Eqs. (24) obviously admits the trivial solution

q1 D q2 D 0. If ».t1/ is taken to be an ergodic stochasticprocesswith
zero mean value and suf� ciently small correlation time, and also if
the damping term ¯, the cosine and sine spectral densities of ».t1/,
respectively,S.!/ and 9.!/, are small and of the same order, that is,
¯ D O."/ and S.!/ D O."/ and 9.!/ D O."/ and 0 < " ¿ 1, then
the stochastic averaging method may be used to replace Eqs. (24)

by approximateItô equations.The cosineand sine spectral densities
are de� ned as

S.!/ D 2

Z 1

0

E[».t1/».t1 C ¿/] cos !¿ d¿

9.!/ D 2

Z 1

0

E[».t1/».t1 C ¿ /] sin !¿ d¿

where E[¢] denotes the expectation operator. With the transforma-
tion

qi D ai cos 2i ; q 0
i D ¡ai !i sin 2i

2i D !i t1 C µi ; i D 1; 2 (26)

and the method of variation of parameters, the following four � rst-
order equations in a1, µ1, a2, and µ2 are obtained:

Pa1 D
1

2
k11a1».t1/ sin 221 C k12a2».t1/ sin 21 cos 22 ¡2¯a1 sin2 21

¡ sin 21

!1

Z t1

0

R.t1 ¡¿ /a1 cos21.¿/ d¿

Pµ1 D k11».t1/ cos2 21 C k12
a2

a1
».t1/ cos 21 cos 22 ¡¯ sin221

¡ cos21

!1

Z t1

0

R.t1 ¡ ¿/ cos21.¿/ d¿

Pa2 D k21a1».t1/ cos 21 sin 22 Ck22
a2

2
».t1/ sin 222 ¡2¯a2 sin2 22

¡ 16 sin 22

!2

Z t1

0

R.t1 ¡¿ /a2 cos 22.¿ / d¿

Pµ2 D k21
a1

a2
».t1/ cos 21 cos 22 Ck22».t1/ cos2 22 ¡¯ sin222

¡ 16 cos 22

!2

Z t1

0

R.t1 ¡¿ / cos 22.¿ / d¿ (27)

To ensure that the frequency difference .!2 ¡ !1/ is not small, an
appropriate range of the nondimensional � ow parameter ®0, below
the criticalvalue ®cr , is consideredfor this analysis.A suf� cient fre-
quency difference is required so that the averaged amplitude equa-
tions ai .t/ can become uncoupled from those for the phase terms
µi .t/. As " decreases, the solution of the system of Eqs. (27) con-
verges in the weak sense and up to � rst order in " to a diffusive
Markov process, whose governing Itô equations are of the form

dai D m i dt C
2X

j D 1

¾i j dWa j

dµi D ni dt C
2X

j D 1

¹i j dWµ j ; i D 1; 2 (28)

where Wa j and Wµ j are mutuallyindependentunit Wienerprocesses.
The most importantfeatureof the stochasticaveragingmethod in the
present problem is that the limiting averaged amplitudes processes
ai .t/ aredecoupledfrom thoseof thephaseangleprocessesµi .t/. By
making use of this property, the investigationfrom now on will only
consider the averaged amplitudes ai .t/. If the relaxation function
R.t/ is integrable such that

Z 1

0

R.t/ dt < 1

Z 1

0

t R.t/ dt < 1
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and, furthermore, R.t/ D O."/, the method of Larianov18 can be
used to average the integral term involving the relaxation measure.
With the use of the stochastic averaging method and Larianov’s
method, the following expressions are obtained:

m1 D
µ
¡¯ ¡

Rs.!1/

2!1
C

3

16
k2

11S.2!1/ ¡
k2

8
S¡

¶
a1 C

k2 SC

16

a2
2

a1

m2 D
µ
¡¯ ¡

16Rs.!2/

2!2
C

3

16
k2

22S.2!2/ ¡
k2

8
S¡

¶
a2 C

k2SC

16

a2
1

a2

.¾ ¾ T /11 D
k2

11

8
S.2!1/a2

1 C
k2

8
SCa2

2

.¾ ¾ T /22 D
k2

22

8
S.2!2/a2

2 C
k2

8
SCa2

1

.¾ ¾ T /12 D .¾ ¾ T /21 D ¡
k2

8
S¡a1a2 (29)

where Rs.!1/, Rs.!2/, and S§ are de� ned as follows:

Rs.!i / D
Z 1

0

R.s/ sin !i s ds

S§ D S.!1 C !2/ § S.!1 ¡ !2/ (30)

Lyapunov Exponent
The averaged amplitudevector .a1; a2/ is a two-dimensionaldif-

fusion process, and the coef� cients m i and ¾i j , on the right-hand
side of the � rst of Eqs. (28) are homogeneous in a1 and a2 of degree
one. ThereforeKhasmiskii’s19 techniquemay be employedto derive
an expression for the largest Lyapunov exponent of the amplitude
process. With the logarithmic polar transformationused,

½ D 1
2 log

¡
a2

1 C a2
2

¢
; Á D tan¡1.a2=a1/; 0 · Á · ¼=2

(31)

and Itô’s differential rule used, the following pair of Itô equations
governing ½ and Á are obtained:

d½ D Q.Á/ dt C 6.Á/ dW; dÁ D 8.Á/ dt C 9.Á/ dW (32)

where the coef� cient functions in Eqs. (32) are given by

Q.Á/ D ¸1 cos2 Á C ¸2 sin2 Á ¡ .k2=8/S¡ C 92.Á/

62.Á/ D 1
8

£
k2

11S.2!1/ cos4 Á C k2
22S.2!2/ sin4 Á

¤

C 1
8
k2S.!1 ¡ !2/ sin2 2Á

8.Á/ D 1
64

£
k2

11 S.2!1/1 C k2
22S.2!2/

¤
sin 4Á

¡ 1
16

k2S.!1 ¡ !2/ sin 4Á C .k2=8/SC cot 2Á

¡ 1
2
.¸1 ¡ ¸2/ sin 2Á

9 2.Á/ D 1
32

£
k2

11 S.2!1/ C k2
22 S.2!2/

¤
sin2 2Á

¡ 1
8
k2S.!1 ¡ !2/ sin2 2Á C .k2=8/SC (33)

The constants ¸1 and ¸2 are de� ned by

¸1 D ¡¯ ¡ [Rs.!1/=2!1] C
¡
k2

11

¯
8
¢
S.2!1/

¸2 D ¡¯ ¡ [16Rs.!2/=2!2] C
¡
k2

22

¯
8
¢
S.2!2/

which, as will be shown later, are the Lyapunov exponents of the
uncoupled systems that result when k12 D k21 D 0. The second of
Eqs. (32) shows that the Á process is itself a diffusion process on
the � rst quadrant of the unit circle.

Nonsingular Case
When the diffusion coef� cient 9.Á/ of the diffusion phase pro-

cess Á.t/ does not vanish in 0 · Á · ¼=2, the process Á.t/ is non-
singular and the density ¹.Á/ of its invariant measure is governed
by the following Fokker–Planck equation:

d
dÁ

»
8.Á/¹.Á/ ¡ 1

2
d

dÁ
[92.Á/¹.Á/]

¼
D 0 (34)

The general solution to the Fokker–Plank equation (34) is

¹.Á/ D
C

92.Á/U .Á/
¡

G0

92.Á/U .Á/

Z
U .Á/ dÁ (35)

where C and G0 are integration constants and

U .Á/ D exp

µ
¡2

Z
f8.Á/9¡2.Á/g dÁ

¶
(36)

Substituting for 8.Á/ and 92.Á/ from Eqs. (33) into Eq. (36) and
letting

b D 1
32

£
k2

11 S.2!1/ C k2
22 S.2!2/ ¡ 4k2S.!1 ¡ !2/

¤

a D 1
32

£
k2

11S.2!1/ C k2
22S.2!2/ C 4k2 S.!1 C !2/

¤

one obtains

U .Á/ D 1

sin 2Á
exp

µ
¸2 ¡ ¸1

2a

Z cos 2Á dt

1 ¡ .b=a/t 2

¶
(37)

Because a is always positive, the preceding integration depends on
the sign of the constant b.

For no accumulation of probability mass at the boundaries, the
stationary probability � ux represented by G0 has to be zero, and,
therefore, the Á process is ergodic in the interval 0 · Á · ¼=2. The
invariant density ¹.Á/ is then given by

¹.Á/ D C=[92.Á/U .Á/] (38)

where C is determined from the normalization condition
Z

¼=2

0

¹.Á/ dÁ D 1 (39)

Performing the integration in Eq. (37), one obtains the following.
For b > 0,

¹.Á/ D
C sin 2Á

92.Á/
exp

µ
¸1 ¡ ¸2

2
p

1
tanh¡1 b cos 2Á

p
1

¶
(40)

For b < 0,

¹.Á/ D
C sin 2Á

92.Á/
exp

µ
¡ ¸1 ¡ ¸2

2
p

¡1
tan¡1 b cos 2Á

p
¡1

¶
(41)

For b D 0,

¹.Á/ D
C sin2Á

92.Á/
exp

µ
.¸1 ¡ ¸2/ cos 2Á

2a

¶
(42)

where 1 D ab and the normalization constant C is given by the
following. For b > 0,

C D
1

2
.¸1 ¡ ¸2/csch

³
¸1 ¡ ¸2

2
p

1
tanh¡1 b

p
1

´
(43)

For b < 0,

C D
1

2
.¸1 ¡ ¸2/csch

³
¸1 ¡ ¸2

2
p

¡1
tan¡1 b

p
¡1

´
(44)

For b D 0,

C D
1

2
.¸1 ¡ ¸2/csch

³
¸1 ¡ ¸2

2a

´
(45)
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With Khasmiskii’s19 procedureused, the largestLyapunovexponent
of the amplitude process is given by

¸ D E[Q.Á/] D
Z ¼=2

0

Q.Á/¹.Á/ dÁ (46)

with probability one (WP1). Substituting for Q.Á/ and ¹.Á/ and
performingthe indicated integrationyield the followingexpressions
for the largest Lyapunov exponent. For b > 0,

¸ D 1
2

.¸1 ¡ ¸2/ coth

³
¸1 ¡ ¸2

2
p

1
tanh¡1 b

p
1

´

C 1

2
.¸1 C ¸2/ ¡

k2

8
S¡ (47)

For b < 0,

¸ D 1
2

.¸1 ¡ ¸2/ coth

³
¸1 ¡ ¸2

2
p

¡1
tan¡1 ¡b

p
¡1

´

C 1

2
.¸1 C ¸2/ ¡

k2

8
S¡ (48)

For b D 0,

¸ D 1

2
.¸1 ¡ ¸2/ coth

³
4.¸1 ¡ ¸2/

k2SC

´
C 1

2
.¸1 C ¸2/ ¡

k2

8
S¡

(49)

The expressionsfor the largestLyapunovexponentcan be simpli� ed
to another, more convenient, form.

Let ´0 D 1
2 tanh¡1.b=

p
1/ so that cosh´0 D .a C b/=.a ¡ b/.

Substituting for a and b and taking 10 D 161 give

cosh ´0 D

£
k2

11S.2!1/ C k2
22S.2!2/ C 2k2 S¡

¤

2k2 SC
(50)

Therefore, for b > 0,

¸ D 1

2
.¸1 ¡ ¸2/ coth

³
¸1 ¡ ¸2p

10

´0

´
C 1

2
.¸1 C ¸2/ ¡

k2

8
S¡

(51)

For b < 0, let

´0 D 1
2 tan¡1.b=

p
¡1/

so that

´0 D cos¡1

£
k2

11 S.2!1/ C k2
22 S.2!2/ C 2k2S¡

¤

2k2SC
(52)

and then

¸ D 1
2

.¸1 ¡ ¸2/ coth

³
¸1 ¡ ¸2p

¡10

´0

´
C 1

2
.¸1 C ¸2/ ¡

k2

8
S¡ (53)

When ¯ , !1 , !2 , k11, k22, k, 1, and ´0 , are substituted for, where ´0

is given by

´0 D
»

cosh¡1[.a C b/=.a ¡ b/] for b > 0

cos¡1[.a C b/=.a ¡ b/] for b < 0 (54)

stabilityconditionsin termsof thevariousplateand� owparameters,
as well as the excitation spectral densities, can be obtained.

Singular Case
When the diffusion coef� cient 9.Á/ of the diffusion phase pro-

cess Á.t/ vanishesat some point Á.t/ D Á0 in the interval[0; ¼=2],
the diffusion process is not ergodic in the whole interval and is con-
sidered to be singular.From the lastof Eqs. (33), for 92.Á/ to vanish
at Á.t/ D Á0 D ¼=4, one of the following sets of conditions must be
satis� ed:

k11 D 0; S.2!2/ D 0; S.!1 C !2/ D 0

k22 D 0; S.2!1/ D 0; S.!1 C !2/ D 0 (55)

and for 92.Á/ to vanish at Á.t/ D Á0 D 0 and ¼=2, the following
conditions must be satis� ed:

S.!1 C !2/ D 0; S.!1 ¡ !2/ D 0 (56)

The sign of the drift coef� cient of the diffusion process has to be
checked to determine the nature of the singular point (see, for ex-
ample, Mitchell and Kozin24). On substituting into Eqs. (33) and by
making use of one of the conditionsof Eqs. (55) for a singular point
at Á0 D ¼=4, we have three cases:

1) If Rs.!1/=2!1 > 8Rs .!2/=!2, then 8.¼=4/ > 0 and the singu-
lar pointÁ0 D ¼=4 is a right shunt or forward shunt. This means that
even if an initial point Á.t/ is in the left half interval[0; ¼=4], it will
eventually be shunted across to the right half interval [¼=4; ¼=2]
and remain there forever. The density ¹.Á/ is concentrated in the
right half of the interval0 · Á · ¼=2 and is governedby the Fokker–
Planck equation (34) whose solution now is of the form

¹.Á/ D
»

0 0 · Á < ¼=4

C=[92.Á/U .Á/] ¼=4 · Á · ¼=2 (57)

When one of the conditionsof Eqs. (55) is substitutedinto Eqs. (33)
and Eqs. (37–39) and (46) are used, the followingexpressionfor the
largest Lyapunov exponent can be obtained:

¸ D ¡¯ ¡ [8Rs .!2/=!2] C .k2=8/S.!1 ¡ !2/ (58)

2) If Rs.!1/=2!1 < 8Rs.!2/=!2, the drift coef� cient8.¼=4/ < 0
and, therefore, the singular point Á0 D ¼=4 is a left shunt or back-
ward shunt. This means that even if a Á.t/ is in the right-half inter-
val [¼=4; ¼=2], it will eventually be shunted across to the left-half
interval[0; ¼=4] and remain there forever.The density¹.Á/ is con-
centrated in the left half of the interval 0 · Á · ¼=2 and is governed
by the Fokker–Planck equation (34), whose solution is given by

¹.Á/ D
»

C=[92.Á/U .Á/] 0 · Á · ¼=4

0 ¼=4 < Á · ¼=2 (59)

Similarly, we can obtain the expression for the largest Lyapunov
exponent as follows:

¸ D ¡¯ ¡ [Rs.!1/=2!1] C .k2=8/S.!1 ¡ !2/ (60)

3) If Rs .!1/=2!1 D 8Rs.!2/=!2 , then 8.¼=4/ D 0 and the sin-
gular point Á0 D ¼=4 is a trap point. This implies that regardless of
where the initial point Á.t/ is situated, it will eventuallybe attracted
to the point Á0 D ¼=4 and remain there forever. The density of the
invariant measure ¹.Á/ is the Dirac delta function concentrated at
¼=4 and is given by

¹.Á/ D ±[Á ¡ .¼=4/]; 0 · Á · ¼=2 (61)

With Eqs. (55) and (46) used, the largestLyapunovexponent for the
trap point case can be evaluated as

¸ D ¡¯ ¡ [Rs.!1/=2!1] C .k2=8/S.!1 ¡ !2/ (62)

Similarly, it can be shown that, for the uncoupledsystem that results
when k12 D k21 D 0; the singular points at Á0 D 0 and Á0 D ¼=2 are
trap points, and the corresponding densities ¹.Á/ of the invariant
measures are the Dirac delta functions ±.Á/ and ±.Á ¡ ¼=2/. With
Eq. (46) used, it can be shown that the largest Lyapunov exponents
for the uncoupled cases corresponding to Á0 D 0 and Á0 D ¼=2 are
equal to ¸1 and ¸2, respectively.
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Stability Analysis
The trivial solution of Eqs. (24) is asymptotically stable WP1 if

¸ is negative and unstable if ¸ is positive.The region of almost-sure
stability for the system of Eqs. (24) is determined by the condition
¸ < 0. The stability boundaries may be de� ned by setting ¸ D 0,
which gives a relation among ¯ , !1 , !2, Rs.!1/, Rs.!2/, k11 , k22,
k, and the spectral density of the excitation S.!0/, evaluated at
!0 D 2!1 , 2!2, and !1 § !2, because only the � rst-order approxi-
mation is considered. Here ¯ , !1 , !2 , k11, k22 , and k are functions
of plate dimensions, plate material type, undisturbedgas condition,
and � ow velocity, whereas Rs .!1/ and Rs .!2/ are the one-sided
Fourier sine transforms of the relaxation function R.t1/ evaluated
at the natural frequencies !1 and !2 , respectively.

For the present analysis, a band-limited excitation and a white
noiseexcitationare considered.It may be seen that only thosevalues
of the excitation spectrum at the frequencies2!1 , 2!2 , and !1 § !2

have an effect on the stability condition. To show this more explic-
itly, some particularforms of theexcitationspectrumareconsidered.
For band-limited excitation, the spectral density is considered to be
small everywherewhen comparedwith thosenear the neighborhood
of some frequency !0; thus, S.!/ is assumed to be concentrated
in a narrow bandwidth, !0 ¡ 1!0=2 < ! < !0 C 1!0=2, where
1!0 ¿ !0 . For such a process with spectral density S.!/ D O.²/,
0 <j ²j ¿ 1, the correlation time ¿c is O.1=1!0/, whereas the re-
laxation time ¿r of the system of Eqs. (24) is O.1=²/. Hence, if
1!0 À ², then ¿c ¿ ¿r , and the Markov process approximation
made in the preceding sections will remain valid. In this analy-
sis, the cases in which !0 lies in the neighborhoodof 2!1, 2!2 , and
!1 § !2 are considered. For white noise excitation, the spectrum
has a constant value for all frequencies !. The band-limitedexcita-
tion case gives a quantitative picture of the effect of the excitation
spectrum on the almost-sure stability.

As an example, for obtaining some numerical results, poly-
urethane is considered as the plate material and, to justify using
thin plate theory, a length– thickness ratio of L=h D 100 is con-
sidered. To ensure supersonic � ow and an appropriate frequency
difference, the nondimensional parameter ®0 is considered in the
range 3 < ®0 < 10:5. The relaxation function is taken as

R.t/ D
mX

i D 1

³i Â
¤
i e¡³i t (63)

where Â ¤
i and ³ ¡1

i are the material characteristic viscosity and
the characteristic time of relaxation, respectively. With m D 1,
³1 D 18:52 s¡1 , and Â¤

1 D 0:283 (Ref. 25), the one-sided Fourier
sine transform of the relaxation function can be derived as

RS.!i / D 5:241!i

18:522 C !2
i

(64)

Stability boundaries for various spectral densities of a band-limited
and a white noise excitation, calculated from the obtained expres-
sions for the largest Lyapunovexponent,are presented in Figs. 2–7.
In Fig. 2 it is shown that for a band-limited excitation, S.2!2/

Fig. 2 Stability boundaries under a band-limited excitation.

Fig. 3 Effect of S(2!1 ) on stability boundaries under a band-limited
excitation.

Fig. 4 Effect of S(2!2 ) on stability boundaries under a band-limited
excitation.

Fig. 5 Effect of S(!2 ++ !1) on stability boundaries under a band-
limited excitation.

Fig. 6 Effect of S(!2 ¡ ¡ !1 ) on stability boundaries under a band-
limited excitation.
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Fig. 7 Effect of spectral density S onstabilityboundariesunder a white
noise excitation.

Fig. 8 Effect of the nondimensional� ow parameter ®0 on the stiffness
terms k11, k22, and k.

Fig.9 Effect of thenondimensional� ow parameter®0 on the one-sided
Fourier sine transform of the relaxation functions Rs(!1 ) and Rs(!2 ).

has the largest destabilizing effect because it is associated with the
term k2

22 , which is dominant over the other two terms k2
11 and k2,

whereas S.2!1/ has the least destabilizingeffect. Also note that the
destabilizingeffect for the differentexcitationvaluesdecreaseswith
the increase of the nondimensional parameter ®0 . From Figs. 3–6,
it can be inferred that the variation of the spectral densities for
the band-limited excitation at the frequencies !0 D 2!1, 2!2 , and
!1 ¡ !2 have a signi� cant effect on the stabilityboundariesand that
S.2!1/, S.!2/, and S.!1 ¡ !2/ have a destabilizingeffect, whereas
S.!1 C !2/ always has a stabilizing effect. It can also be inferred
that more damping is required for stabilizing the system as the � ow
becomes more supersonic. From Fig. 7, it can be deduced that for
the white noise excitation the spectral density S has a destabiliz-

ing effect and also that greater damping is needed for higher � ow
conditions. Figures 8 and 9 show the effect of the nondimensional
� ow parameter ®0 on the stiffness terms k11 , k22 , and k and on the
one-sidedFourier sine transformsof the relaxation function Rs .!1/
and Rs.!2/, respectively.

Conclusions
Piston theory is used to give a quasi-steady � rst-order approxi-

mation for the aerodynamic loading on the plate. The viscoelastic
constitutive relations of the plate material are represented in inte-
gral form by making use of the Boltzmann superposition princi-
ple. By the use of the Galerkin method, the equation of motion is
discretized to a two-degree-of-freedomsystem. With a nondimen-
sional time, an appropriatetransformation,and a suitablecoordinate
scaling, the discretized integro–ordinary differential equations are
transformed to those in terms of more convenient generalized co-
ordinates. With use of the method of variation of parameters, the
transformedequationsare converted to equations in amplitudesand
phases. For small excitation intensity, system damping, and ma-
terial relaxation measure, the amplitude and phase equations are
then approximated to a system of Itô equations, whose solution is
a diffusive Markov process by making use of the stochastic aver-
aging method. Through a polar coordinate transformation and by
making use of Itô’s lemma and Khasminskii’s19 technique, expres-
sions for the largest Lyapunov exponent are obtained analytically.
Some numerical results are presented to give a quantitative picture
of the effect of the excitation intensity on the stability boundaries
for a band-limited excitation with a nonzero spectrum, only in a
neighborhoodof some frequency!0 with a narrow frequencyband-
width !0 ¡ 1!0=2 < ! < !0 C 1!0=2, where 1!0 ¿ !0 . The ef-
fect of the spectraldensityof a white noise excitationon the stability
boundaries is also presented.
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